Abstract. We present a brief introduction to analytic capacity, with an emphasis on its numerical computation. We also discuss several related open problems.
Introduction
Analytic capacity is an extremal problem introduced by Ahlfors [1] in 1947 in order to study a problem posed by Painlevé [21] asking for a geometric characterization of the compact plane sets E ⊂ C having the property that every bounded analytic function on C \ E is constant. Such compact sets are called removable and are precisely the ones of zero analytic capacity. Finding both necessary and sufficient geometric conditions for removability quickly appeared to be very difficult, and it took more than a hundred years until a satisfying solution was obtained, thanks to the work of Melnikov, David, Tolsa and many others.
Another motivation for the study of analytic capacity came to light in 1967, when Vitushkin [27] observed that it plays a fundamental role in the theory of uniform rational approximation of analytic functions on compact plane sets. More precisely, analytic capacity can be used to formulate necessary and sufficient conditions for a compact set E to have the property that every function continuous on E and analytic in the interior of E is uniformly approximable by rational functions with poles outside E. See e.g. [31] for more details and other applications of analytic capacity to this type of problem.
Although several important problems in Complex Analysis and related areas can be expressed in terms of analytic capacity, the fact that the latter is very hard to calculate or even estimate often remains a major obstacle. Motivated by this and by applications to the subadditivity problem, the author and Ransford developed in [28] an efficient and rigorous method based on quadratic minimization for the numerical computation of the analytic capacity of sufficiently nice compact sets. The method yields rigorous upper and lower bounds which converge to the true value of the capacity.
The purpose of this survey article is to present a detailed description of this method and discuss some applications to related open problems. Section 2 contains a brief introduction to analytic capacity, including its definition and main properties. Then, in Section 3, we describe the numerical method from [28] . The remaining sections are devoted to applications and related open problems, and each of them can be read independently of the others. In Section 4, we study the subadditivity inequality γ(E ∪ F ) ≤ γ(E) + γ(F ). More precisely, we use an approximation technique due to Melnikov [18] to show that it suffices to prove the inequality in the very special case where E and F are disjoint compact sets which are finite unions of disjoint closed disks, all with the same radius. We also give numerical evidence for subadditivity and formulate a conjecture which, if true, would imply that the inequality holds. Section 5 deals with the problem of finding all Ahlfors functions which are rational maps, as instigated by Jeong and Taniguchi [13] . Finally, in Section 6, we discuss the relationship between analytic capacity and a similar extremal problem, the Cauchy capacity.
Analytic capacity : definition and preliminaries
In this section, we introduce the notions of analytic capacity, Ahlfors function and Garabedian function. The content is quite standard and can be found in [11] for example.
Definition and elementary properties.
Let E be a compact subset of the complex plane C and let Ω := C\E be the complement of E in the Riemann sphere. The analytic capacity of E is defined by
Here f ′ (∞) := lim z→∞ z(f (z) − f (∞)) denotes the coefficient of 1/z in the Laurent expansion of f near infinity, and H ∞ (Ω) denotes the space of all bounded analytic functions on Ω.
The following properties follow more or less directly from the definition.
• E ⊂ F ⇒ γ(E) ≤ γ(F ).
• γ(aE + b) = |a|γ(E) (a, b ∈ C). • Outer regularity : E n ↓ E ⇒ γ(E n ) ↓ γ(E).
• E is removable for bounded analytic functions if and only if γ(E) = 0.
• γ(E) = γ(∂ e E), where ∂ e E is the outer boundary of E, i.e. the boundary of the unbounded component of Ω.
Note that the last property implies that the analytic capacity of a set E only depends on its unbounded complementary component. We can therefore assume without loss of generality that Ω is connected, which we will do for the remaining of this article.
The Ahlfors function.
A simple normal families argument shows that for every compact set E, there exists an extremal function f for γ(E), that is, a function f analytic on Ω with |f | ≤ 1 and f ′ (∞) = γ(E). Moreover, in the case γ(E) > 0, any extremal function f must satisfy f (∞) = 0, for otherwise composing with a Möbius automorphism of the unit disk sending f (∞) to 0 would give a larger derivative at ∞. Proposition 2.1. In the case γ(E) > 0, the extremal function is unique.
The following proof due to Fisher [8] is so short and elegant that we reproduce it below.
Proof. Suppose that f and g are extremal functions, and let h := (f + g)/2, k := (f − g)/2, so that f = h + k and g = h − k. We have to show that k ≡ 0. Since |f | 2 ≤ 1 and |g| 2 ≤ 1 on Ω, we get that |h| 2 + |k| 2 ± 2Re hk ≤ 1. Adding these two inequalities and dividing by two gives |h| 2 + |k| 2 ≤ 1, and thus
Assume that k is not identically zero, and write k 2 /2 = a n /z n + a n+1 /z n+1 + . . . near ∞, where a n = 0. Note that n ≥ 2 since k(∞) = 0. Now, let ǫ > 0 be small enough so that ǫ|a n ||z| n−1 ≤ 1 on some bounded neighborhood V of E, and set f 1 := h + ǫa n z n−1 k 2 /2. Then f 1 is analytic on Ω and
on V \ E, and thus everywhere on Ω by the maximum modulus principle. But a simple calculation gives f
This unique extremal function is called the Ahlfors function for E (or on Ω). It is the unique function f analytic on Ω = C \ E with |f | ≤ 1 and f ′ (∞) = γ(E). We now mention several well-known properties of the Ahlfors function f for a compact set E. We of course assume that γ(E) > 0.
• Conformal invariance : if h : Ω → Ω ′ is conformal with expansion F (z) = a 1 z + a 0 + a −1 /z + . . . near ∞, and if • More generally, if Ω is a non-degenerate n-connected domain (i.e. E has n connected components, each of them containing more than one point), then f : Ω → D is a degree n proper analytic map.
• If E ⊂ R, then the Ahlfors function for E is given by
where
The first two properties follow directly from a simple change of variable and Schwarz's lemma respectively. Note that the second property implies that the analytic capacity of a connected set is equal to its logarithmic capacity. The third property was proved by Ahlfors [1] . Finally, the last property follows from a result of Pommerenke (see e.g. [11, Chapter 1, Theorem 6.2]) saying that the capacity of a set E ⊂ R equals a quarter of its one-dimensional Lebesgue measure m(E). Indeed, one can easily check that the given function f maps Ω into D and satisfies f ′ (∞) = m(E)/4, so it has to be the Ahlfors function.
2.3. The Garabedian function. As observed by Garabedian [10] , the analytic capacity of sufficiently nice compact sets can be obtained as the solution to a dual extremal problem. More precisely, let E ⊂ C be a compact set, and assume that E is bounded by finitely many mutually exterior analytic Jordan curves. Let A(Ω) denote the space of analytic functions in Ω = C \ E which extend continuously up to Ω. The Garabedian function for E (or on Ω) is the unique function ψ ∈ A(Ω) satisfying ψ(∞) = 1/2πi and
The Garabedian function has the following properties.
• ψ extends analytically across ∂Ω.
• ψ represents evaluation of the derivative at ∞, in the sense that, for all g ∈ A(Ω), we have
• ψ has a well-defined analytic logarithm in Ω. In particular, there exists a function q ∈ A(Ω) such that q(∞) = 1 and q 2 = 2πiψ.
We also mention that the above function q is, up to a multiplicative constant, the Szegö kernel function K(·, ∞) (the reproducing kernel for the evaluation functional at ∞ in the Hardy space H 2 (Ω)). Indeed, we have
See [11, Theorem 4.3] .
Numerical computation
In this section, we present the method developed in [28] for the numerical computation of analytic capacity.
First, for the sake of completeness, let us briefly describe a simple method for the computation of γ(E) based on Equation (1).
It is well-known that if E is bounded by finitely many mutually exterior analytic Jordan curves, then the rational functions with poles outside E are dense in the Hardy space H 2 (Ω). Applying the Gram-Schmidt procedure, one can therefore extract an orthonormal basis {u n } n≥1 . Then, since
we obtain, from Equation (1),
However, this very simple method has two main disadvantages. First, computing a large number of elements of the orthonormal basis {u n } n≥1 seems to be numerically unstable, which causes precision issues. Secondly, and more importantly, truncating the sum in the above formula only yields an upper bound for γ(E).
We also mention that the Szegö kernel (and therefore the analytic capacity) can be computed by solving the Kerzman-Stein integral equation, see [2] and [5] . However, as far as we know, there seems to be very few numerical examples, and only for compact sets with a few number of connected components.
On the other hand, the method developed in [28] for the numerical computation of analytic capacity is both efficient and precise for a wide variety of compact sets. Furthermore, it yields both lower and upper bounds which can be made arbitrarily close to the true value of the capacity, thereby providing adequate error control. The method relies on two key estimates, which we present in the next subsection.
3.1.
Estimates for analytic capacity. Let E ⊂ C be a compact set, and again suppose that E is bounded by finitely many mutually exterior analytic Jordan curves.
Theorem 3.1 (Younsi-Ransford [28] ). We have
Here the minimum and maximum are attained respectively by the functions g = q−1 and h = f q, where f is the Ahlfors function for E and q is the square root of 2πi times the Garabedian function ψ for E, as in Subsection 2.3.
The first estimate is due to Garabedian and follows from the formula for γ(E) in terms of ψ, as in Susbsection 2.3. The second estimate was obtained in [28] . We reproduce its proof for the reader's convenience.
Proof. A simple calculation shows that the maximum in (3) is attained by the function f q, which belongs to A(Ω) and vanish at ∞. Note that |f | = 1 on ∂E. It thus suffices to show that if h ∈ A(Ω) and if h(∞) = 0, then
Denote by T (z) the unit tangent vector to ∂E at z, that is, dz = T (z)|dz| with
It follows that
Since q(∞) = 1 and h(∞) = 0, we have (hq) ′ (∞) = h ′ (∞), and thus
as required.
3.2. The algorithm. Theorem 3.1 yields a simple method for the numerical computation of analytic capacity based on quadratic minimization. We only explain how to obtain a decreasing sequence of upper bounds for γ(E), the method for the lower bounds being very similar. Let S be any finite set containing at least one point in each component of the interior of E. It is well-known that the set of rational functions with poles in S is uniformly dense in A(Ω), by Mergelyan's theorem for example.
For each k ∈ N, let F k be the set of all functions of the form (z − p) −j , with 1 ≤ j ≤ k and p ∈ S. In view of (2), the quantity
gives an upper bound for γ(E).
In practice, we find the minimum u k as follows. Here E is the union of two disks of radius 1 centered at −2 and 2. In this case, a natural choice for the set S described in Subsection 3.2 is {−2, 2}, so that lower and upper bounds for γ(E) can be computed using linear combinations of functions of the form (z ± 2) −j . However, we shall instead consider functions of the form
where the a j 's are distinct points in the interior of E. The reason is that with simples poles instead of multiple ones, the integrals involved in the method are easily calculated analytically, which results in a significant gain in efficiency. Typically, for each disk centered at c with radius r, we put the poles a j at the points {c, c ± r 1 , c ± r 1 i, c ± r 2 , c ± r 2 i, . . . , c ± r n , c ± r n i}, where r 1 , . . . , r n are equally distributed between 0 and r. This choice, although completely arbitrary, seems to yield good numerical results, as shown in Table 1 below. The numerical results agree with the value γ(E) ≈ 1.8755950190971197289, obtained using the formula from [20] for the analytic capacity of the union of two disks in terms of elliptic integrals.
In this example, we compute the analytic capacity of the union of several closed disjoint disks, all with the same radius. Such compact sets are especially relevant for the subadditivity problem, as we will see in Section 4.
The centers of the disks as well as the radius were randomly generated, and we computed the analytic capacity using 5 poles per disk. The compact set E is composed of four ellipses centered at −3, 3, 10i, −10i. Each ellipse has a semi-major axis of 2 and a semi-minor axis of 1. In this case, the integrals involved have to be calculated numerically. We used a recursive adaptive Simpson quadrature with an absolute error tolerance of 10 −9 .
3.4.
Further numerical examples : piecewise analytic boundary. It was proved in [28] that the estimates of Theorem 3.1 remain valid in the case of compact sets bounded by finitely many piecewise-analytic curves, provided the space A(Ω) is replaced by a larger space of analytic functions, the Smirnov space E 2 (Ω). The convergence of the lower and upper bounds to the capacity was also established in this more general case.
As a consequence, given a compact set E bounded by finitely many mutually exterior piecewise-analytic curves, the algorithm of Section 3.2 should in principle give an approximation of γ(E). In this example, we consider the square with corners 1, i, −1, −i. We computed the bounds using functions of the form z −j for 1 ≤ j ≤ k. We notice that the convergence is very slow, especially compared to the results obtained in the analytic boundary case. The main issue here is that the approximation process does not take into account the geometric nature of the boundary. However, as observed in [28] , this is easily fixed as follows.
Recall from Theorem 3.1 that the functions to be approximated are q and f q, where f is the Ahlfors function for E and q is the square root of 2πi times the Garabedian function. One can show that these functions behave like √ F ′ near the corners of the square E, where F is a conformal map of Ω = C \ E onto C \ D.
But if a is one of those corners, then F behaves like (z − a) 2/3 near a, and thus √ F ′ behaves like (z − a) −1/6 . Since we want functions that are analytic near ∞, we consider instead (1 − a/z) −1/6 . This shows that using linear combinations of the functions f j (z) z k for j = 0, 1, 2, 3, 4 and k = 1, 2, . . . , n, where a 1 , a 2 , a 3 , a 4 are the corners of the square, f 0 (z) := 1 and
should yield better results. We use this improvement of the method to recompute the analytic capacity of the square. One can see that the convergence is indeed significantly faster. In this case, the answer can be calculated exactly. Indeed, since E is connected, we have that
83462684167407318630, where cap(E) is the logarithmic capacity of E.
Lastly, the improved method can easily be generalized to compute the analytic capacity of any compact set with piecewise analytic boundary. Here is a nonpolygonal example. The compact set E is composed of the unit disk and two half-unit-disks centered at 3 and 3i. This section deals with the subadditivity problem for analytic capacity. The study of the analytic capacity of unions of sets was instigated by Vitushkin [27] , who conjectured that analytic capacity is semi-additive, i.e.
motivated by applications to problems of uniform rational approximation of analytic functions. The semi-additivity of analytic capacity was finally proved many years later by Tolsa [26] , along with a solution to Painlevé's problem. See [24] , [25] and also Subsection 6.1 for more information regarding Tolsa's work on analytic capacity. Despite such remarkable work, the optimal value of the constant C remains unknown. In particular, can we take C = 1? Problem 4.1. Is analytic capacity subadditive? In other words, is it true that
for all compact sets E, F ?
We mention that (4) is known to hold in the following cases :
• The sets E, F are disjoint and connected [23] .
• One of the two sets have zero analytic capacity, see e.g. [29, Lemma 2.6].
• The sets E, F are contained in R, since in this case analytic capacity is equal to a quarter of Lebesgue measure, by Pommerenke's result (see the last property in Subsection 2.2). Now, we saw in Subsection 3.3 that the numerical method of [28] for the computation of analytic capacity is very efficient in the case of compact sets bounded by analytic curves. Therefore, from a computational point of view, it would certainly be interesting to know whether it suffices to prove (4) only for such sets. Using a discrete approach to analytic capacity due to Melnikov [18] , one can actually prove a much stronger result.
Theorem 4.2. The subadditivity of analytic capacity is equivalent to
for all disjoint compact sets E and F that are finite unions of disjoint closed disks, all with the same radius.
4.1.
Melnikov's approach. In this subsection, we give a proof of Theorem 4.2 using an approximation technique due to Melnikov. The proof can also be found in [28, Theorem 7.1] .
Following [18] , we introduce the following notation. Let z 1 , . . . , z n ∈ C and let r 1 , . . . , r n be positive real numbers. Set Z := (z 1 , . . . , z n ) and R := (r 1 , . . . , r n ). We assume that |z j − z k | > r j + r k for j = k, so that the closed disks D(z j , r j ) are pairwise disjoint. Define K(Z, R) := ∪ n j=1 D(z j , r) and µ 1 (Z, R) := sup{| n j=1 a j |}, the supremum being taken over all points a 1 , . . . , a n ∈ C such that
Clearly, we have µ 1 (Z, R) ≤ γ(K(Z, R)). Finally, for any compact set K ⊂ C and δ > 0, we denote the closed δ-neighborhood of K by K δ .
The proof of Theorem 4.2 relies on the following lemma due to Melnikov [18, Lemma 1].
Lemma 4.3 (Melnikov [18] ). Let K ⊂ C be compact, and let δ, ǫ > 0. Then there exist z 1 , . . . , z n ∈ K δ and 0 < r < δ such that |z j − z k | > 2r for j = k, and
where Z = (z 1 , . . . , z n ) and R = (r, . . . , r).
In particular,
In other words, the analytic capacity of any compact set can be approximated by the capacity of the union of finitely many disjoint closed disks, all with the same radius (note that if δ > 0 is sufficiently small, then γ(K δ ) is close to γ(K) by outer-regularity).
We now give a sketch of the proof of Lemma 4.3.
Proof. The idea is to choose finitely many complex numbers a 1 , . . . , a n such that
where K(Z, R) is the union of n disjoint closed disks near K. Clearly, this implies the conclusion of the lemma. In the following, the letter C will denote a positive constant independent of δ and ǫ, whose value may change throughout the proof.
Let φ be a C ∞ function on C with 0 ≤ φ ≤ 1, φ = 0 on K δ/3 , φ = 1 on C\K (2/3)δ and |∂φ| ≤ Cδ −1 . If f is the Ahlfors function for K, then a simple application of the Cauchy-Green formula gives
Now, partition the plane with squares {Q j } of side-length ρ, where ρ > 0 is sufficiently small and will be determined later. Note that if ρ < δ/6 and Q j ∩ supp(∂φ) = ∅, then Q j is contained in K δ \ K. Let J be the set of all j for which Q j ∩ supp(∂φ) = ∅, so that J is finite. For j ∈ J, define
Then by Equation (5), we have f φ = j∈J f j on C \ K. Also, let
Then |a j | ≤ Cδ −1 ρ 2 . Also, we have, for j ∈ J and z / ∈ K,
by splitting the integral over Q j ∩ {w : |z − w| ≤ ρ} and Q j ∩ {w : |z − w| > ρ}. Now, note that if z j is the center of Q j and if |z − z j | > ρ, then
To estimate this last integral, note that if w ∈ Q j , then
Let r := N ρ 2 δ −1 ǫ −1 , where N is a large positive integer to be selected below. We shall take ρ sufficiently small so that D(z j , r) ⊂ Q j ⊂ K δ \ K for each j. If z ∈ ∪ j∈J ∂D(z j , r), then we have
where J ′ denotes all the j ∈ J such that |z − z j | ≤ ρ, and J ′′ the remaining indices in J. We have to show that each of the two sums is small, say less than ǫ. First, note that J ′ contains at most four indices, and thus the sum over j ∈ J ′ can be made smaller than ǫ by choosing ρ sufficiently small, provided
is sufficiently small, which will be the case for N much larger than C. We now estimate the sum over j ∈ J ′′ . Note that if j ∈ J ′′ and w ∈ Q j , then
which is less than ǫ provided ρ is sufficiently small. This holds for all z ∈ ∪ j∈J ∂D(z j , r), and therefore for all z / ∈ ∪ j∈J D(z j , r) by the maximum principle. Thus, choosing ρ sufficiently small and N sufficiently large, we get
where Z = (z 1 , . . . , z n ) is the vector of the centers of the squares Q j with j ∈ J, and R = (r, . . . , r). The result then follows by observing that
where we used Equation (5).
We can now prove Theorem 4.2.
Proof. Suppose that there exist compact sets E, F with
By Lemma 4.3, there exist z 1 , z 2 , . . . , z n ∈ (E ∪ F ) δ and 0 < r < δ such that
and the disks D(z j , r) are pairwise disjoint. For each j ∈ {1, 2, . . . , n}, fix w j ∈ E∪F with |z j − w j | = dist(z j , E ∪ F ) ≤ δ. Let A be the union of the disks D(z j , r) with w j ∈ E, and let B be the union of the disks D(z k , r) with w k ∈ F \ E. Then A ⊂ E 2δ and B ⊂ F 2δ . Finally, we get
where we used equations (6) and (7).
Numerical experiments.
We saw in the previous subsection that in Problem 4.1, it suffices to consider compact sets E and F that are disjoint finite unions of disjoint closed disks, all with the same radius. In other words, if there is a counterexample to the subadditivity inequality, then there must be a counterexample with disks. This is quite fortunate, since our numerical method for the computation of analytic capacity converges very quickly for such sets, see Example 3.3.1 and Example 3.3.2. This allows us to perform several numerical experiments, in the hope of perhaps finding a counterexample. To describe these numerical experiments, let z 1 , . . . , z n , w 1 , . . . , w m be distinct complex numbers in C, and let δ > 0 be the minimal distance separating these points. For 0 < r < δ/2, the disks D(z j , r), j = 1, . . . , n, D(w k , r), k = 1, . . . , m are all pairwise disjoint. In this case, we set E r := ∪ j D(z j , r) and F r := ∪ k D(w k , r).
By Theorem 4.2, the subadditivity of analytic capacity is equivalent to the inequality
for all z 1 , . . . , z n , w 1 , . . . , w m and all 0 < r < δ/2. Using the algorithm of Subsection 3.2, one can compute, for given z 1 , . . . , z n and w 1 , . . . , w m , the ratio R(r) for many values of r, and then plot the graph of R(r) versus r.
Example 4.2.1. In this example, the total number of disks is 40. The compact set E is composed of the 20 disks with bold boundaries, and F is the union of the remaining disks. For 500 values of the radius r equally distributed between 0 and 0.499, we computed lower and upper bounds for the ratio R(r). Figure 6 shows the graph of the lower bound versus r. The graph for the upper bound is almost identical; the two graphs differ by at most 0.002481. A few remarks are in order. First, all of our numerical experiments seem to suggest that R(r) ≤ 1 for all r, i.e. that analytic capacity is indeed subadditive. More surprisingly though, all computations seem to suggest that the following might be true. [28] ). For all z 1 , . . . , z n , w 1 , . . . , w m , the function R(r) is decreasing in 0 < r < δ/2.
Conjecture 4.4 (Younsi-Ransford
A proof of Conjecture 4.4 would imply that analytic capacity is subadditive. Indeed, this follows from the following asymptotic expression for R(r) as r → 0 + , which shows that for fixed centers of the disks, the ratio R(r) is less than 1, for all r sufficiently small. Theorem 4.5 (Younsi-Ransford [28] ). Let z 1 , . . . , z n , w 1 , . . . , w m ∈ C. Then
where C is a positive constant depending only on m, n and the points z 1 , . . . , z n and w 1 , . . . , w m .
The proof also follows from results of Melnikov [18] . The constant C and the error term in Theorem 4.5 can be made more or less explicit, but it seems difficult to extract any useful information.
Lastly, we mention that Conjecture 4.4 was proved in the simplest case n = m = 1 (see [28, Theorem 8.2] ), based on Murai's formula from [20] for the analytic capacity of the union of two disjoint closed disks.
Rational Ahlfors functions
In this section, we discuss another problem related to the computation of analytic capacity.
Definition and properties.
The starting point of the study of rational Ahlfors functions is the following result of Jeong and Taniguchi [13] , whose uniqueness part was proved in [9] . Recall that a domain Ω in the Riemann Sphere C is a non-degenerate n-connected domain if C \ Ω has exactly n connected components, each of them containing more than one point. By a repeated application of the Riemann mapping theorem, every such domain Ω is conformally equivalent to a domain bounded by analytic curves. We may therefore assume without loss of generality that ∂Ω is analytic.
Theorem 5.1 (Jeong-Taniguchi [13] , Fortier Bourque-Younsi [9] ). Let Ω be a nondegenerate n-connected domain containing ∞, and let f be the Ahlfors function on Ω. Then there exist a rational map R of degree n and a conformal map g :
In particular, this shows that every non-degenerate n-connected domain is conformally equivalent to a domain of the form R −1 (D) for some rational map R. The proof relies on the construction of a Riemann surface obtained by welding n copies of the unit disk D to Ω using the map f . The Riemann surface X thereby obtained is topologically a sphere, thus there is a conformal map g : X → C. One can then easily extend f to X so that the composition f • g −1 : C → C is holomorphic and hence a rational map R of the degree n, the same degree as the proper map f . This proves the existence statement, and the uniqueness part follows from a standard removability argument.
The uniqueness part of Theorem 5.1 implies in particular that the pair (R, g) is unique if we require the conformal map g : Ω → R −1 (D) to be normalized by
Moreover, in this case, the conformal invariance of Ahlfors functions (see Subsection 2.2) shows that R is the Ahlfors function on its restricted domain R −1 (D). Such rational maps are called rational Ahlfors functions. More precisely, a rational map R is a rational Ahlfors function if
The second condition is equivalent to requiring that all the critical values of R belong to D. In particular, a rational Ahlfors function must have only simple poles, since otherwise it would have ∞ as a critical value, and can therefore be written as
for some a 1 , . . . , a n ∈ C \ {0} and distinct p 1 , . . . , p n ∈ C. With this representation, we have R ′ (∞) = n j=1 a j , so that R is a rational Ahlfors function if and only if γ(E) = n j=1 a j , where
. In [13] , Jeong and Taniguchi raised the problem of finding all rational Ahlfors functions.
Problem 5.2. Determine which residues a 1 , . . . , a n and poles p 1 , . . . , p n correspond to rational Ahlfors functions.
In view of Theorem 5.1, a solution to Problem 5.2 would yield a complete understanding of all Ahlfors functions on finitely connected domains, up to conformal equivalence.
We mention that the problem is trivial for n = 1 : rational Ahlfors functions of degree 1 are precisely the rational maps of the form z → a 1 /(z − p 1 ) for a 1 > 0 and p 1 ∈ C. As for higher degree, the first examples were given in [9] . 5.2. Rational Ahlfors functions with reflection symmetry. Let R be a rational map with R(∞) = 0, and suppose that Ω := R −1 (D) is an n-connected domain. In this case, the domain Ω is bounded by n disjoint analytic curves Γ 1 , . . . , Γ n . Let f be the Ahlfors function on Ω. By definition, proving that R is a rational Ahlfors function amounts to showing that R = f . Now, both R and f are degree n proper analytic maps of Ω onto the unit disk D. In particular, they extend analytically across ∂Ω and map each boundary curve Γ j homeomorphically onto ∂D. In general, however, there are many such proper maps, in view of the following result of Bieberbach and Grunsky, whose proof can be found in [ [12] ). Let Ω be a non-degenerate n-connected domain containing ∞ and bounded by n disjoint analytic Jordan curves Γ 1 , . . . , Γ n . For each j, let α j be any point in Γ j . Then there exists a unique proper analytic map g : Ω → D of degree n satisfying g(∞) = 0 whose extension to ∂Ω maps each α j to the point 1.
In particular, one way to prove that R = f is to show that these two maps send the same points to 1. This will be the case if, for instance, R has only real poles and positive residues. Theorem 5.4 (Fortier Bourque-Younsi [9] ). Let
where the poles p 1 , . . . , p n are distinct and real, and the residues a 1 , . . . , a n are positive. If Ω := R −1 (D) is an n-connected domain, then R is a rational Ahlfors function.
The idea of the proof is to observe that in this case, the domain Ω is symmetric with respect to the real axis, intersecting it at 2n points α 1 < β 1 < · · · < α n < β n such that R(α j ) = −1 and R(β j ) = 1 for each j. Now, the domain Ω can be mapped conformally onto the complement Ω ′ in C of n disjoint closed intervals in the real line, by mapping Ω ∩ H onto the upper half-plane H, and then using the Schwarz reflection principle. Now, using the formula for the Ahlfors function on Ω ′ and conformal invariance (see Subsection 2.2), one can show that f (β j ) = 1 for each j, from which it follows that R = f by the uniqueness part of Theorem 5.3.
5.3.
Rational Ahlfors functions with rotational symmetry. Again, let R be a rational map with R(∞) = 0, and assume that Ω = R −1 (D) is an n-connected domain. Let f : Ω → D be the Ahlfors function. We saw in Subsection 5.2 that in order to prove that R = f , it suffices to show that they both map the same points to 1. Another way to prove that these maps are equal is to show that they have the same zeros, because then one can apply the maximum principle to both quotients R/f and f /R, whose absolute values are equal to 1 everywhere on ∂Ω, to deduce that R/f is a unimodular constant, which has to be one provided R ′ (∞) > 0. This observation was used in [9] to prove the following result.
Theorem 5.5 (Fortier Bourque-Younsi [9] ). Let n ≥ 2, 0 < a < n(n − 1)
(1−n)/n , and R(z) = az n−1 /(z n − 1). Then R is a rational Ahlfors function.
The condition on a guarantees that Ω is n-connected. Now, if ω := e 2πi/n , then ωΩ = Ω and thus
by uniqueness of the Ahlfors function. This implies that f vanishes only at 0 and ∞, the same zeros as R. Indeed, if f had a zero at z 0 = 0, ∞, then f would vanish at z 0 , ωz 0 , . . . , ω n−1 z 0 and ∞, a total of n + 1 distinct points, contradicting the fact that f has degree n. It follows that R = f .
5.4.
Positivity of residues and numerical examples. As mentioned at the end of Subsection 5.1, the rational Ahlfors functions of degree one are of the form R(z) = a/(z −p), where a > 0 and p ∈ C. In degree two, the positivity of residues is also a necessary and sufficient condition for a rational map to be a rational Ahlfors function, as proved in [9] . Theorem 5.6 (Fortier Bourque-Younsi [9] ). A rational map of degree two is a rational Ahlfors function if and only if it can be written in the form
for distinct p 1 , p 2 ∈ C and positive a 1 , a 2 satisfying a 1 + a 2 < |p 1 − p 2 |.
Now, note that all the examples of rational Ahlfors functions that we obtained so far have positive residues. It thus seems natural to expect the positivity of residues to be a sufficient condition, in any degree. Unfortunately, as observed in [9] , this fails even in degree 3. Before presenting the counterexample, we first explain how to numerically check whether a given rational map is a rational Ahlfors function. Let
and suppose that R −1 (D) is an n-connected domain. Let E be the compact set
Recall that R is a rational Ahlfors function if and only if γ(E) = ∞ j=1 a j . We can therefore check whether R is a rational Ahlfors function by computing γ(E) using the numerical method of Subsection 3.2. However, the method involves integrals over the boundary of E with respect to arclength, and thus the first step is to obtain a parametrization of ∂E = {z ∈ C : |R(z)| = 1}. One can do this by solving for z in the equation R(z) = e it , which is easily done provided the degree n of R is small, say n ≤ 3.
We now present some numerical examples to illustrate the method. All the numerical work was done with matlab, the integrals being computed with a precision of 10 −9 .
Example 5.4.1. Let
. Figure 9 . The boundary of E = { z ∈ C : |R(z)| ≥ 1 } for Example 5.4.1
As described in Subsection 3.2, one can compute γ(E) using linear combinations of the functions (z + 2) −j , z −j and (z − 5) −j , 1 ≤ j ≤ k, for various values of k. Our numerical results therefore agree with the predicted value. By Theorem 5.5, R is the Ahlfors function for the compact set E, and thus we have
Example 5.4.3. The following example answers a question raised in [9] asking whether Theorem 5.4 holds if the rational map R is allowed to have conjugate pairs of poles.
Question 5.7 (Fortier Bourque-Younsi [9] ). Suppose that a rational map R satisfies R(z) = R(z) and has all positive residues. If R −1 (D) is an n-connected, must R be a rational Ahlfors function?
The following numerical counterexample shows that the answer to Question 5.7 is in fact negative. Consider
. Figure 11 . The boundary of E = { z ∈ C : |R(z)| ≥ 1 } for Example 5.4.3 We see that R ′ (∞) = 3 < 3.000974855197433 ≤ γ(E), so that R is not a Rational Ahlfors function.
The above example also shows that the positivity of residues is not sufficient for a rational map of degree 3 to be Ahlfors. This can be also be extended to any degree n ≥ 3, replacing R by
where b 4 , . . . , b n are distinct points in R −1 (D) and ǫ > 0 is small.
Theorem 5.8 (Fortier Bourque-Younsi [9] ). For every n ≥ 3, there exists a rational map R such that R(∞) = 0, R −1 (D) is an n-connected domain, and R has only positive residues, but R is not a rational Ahlfors function.
Finally, using Koebe's continuity method based on Brouwer's Invariance of Domain theorem, it is possible to show that the residues of a rational Ahlfors functions are not necessarily positive.
Theorem 5.9 (Fortier Bourque-Younsi [9] ). For every n ≥ 3, there exists a rational Ahlfors function of degree n whose residues are not all positive.
Combining these results show that the positivity of residues is neither sufficient for necessary for a rational map to be Ahlfors, in any degree n ≥ 3.
The proof of Theorem 5.9, however, is not constructive, and it would be very interesting to find explicit examples. 
The Cauchy capacity
This section deals with the relationship between analytic capacity and the Cauchy capacity, another similar extremal problem. Before proceeding further, let us first give some motivation with a brief overview of Tolsa's solution of Painlevé's problem.
6.1. The capacity γ + , Painlevés problem and the semi-additivity of analytic capacity. We only give a very brief introduction to Painlevés problem and related results, since a detailed discussion is beyond the scope of this survey article. The interested reader may consult [7] , [24] or [25] for more information.
Recall from the introduction that Painlevé's problem asks for a geometric characterization of the compact sets that are removable for bounded analytic functions. We say that a compact set E ⊂ C is removable (for bounded analytic functions) if every bounded analytic function on C \ E is constant. As mentioned in Subsection 2.1, removable sets coincide precisely with the sets of zero analytic capacity.
Painlevé was the first one to observe that there is a close relationship between removability and Hausdorff measure and dimension. More precisely, he proved that compact sets of finite one-dimensional Hausdorff measure are removable. In particular, sets of dimension less than one are removable. On the other hand, any compact set E with Hausdorff dimension bigger than one is not removable. This follows from Frostman's lemma, which gives the existence of a non-trivial Radon measure µ supported on E whose Cauchy transform
is continuous on C. In particular, Cµ is bounded, and, since it is analytic on C \ E and non-constant (Cµ(∞) = 0 but Cµ ′ (∞) = −µ(E) = 0), we get that E is not removable.
This proof illustrates the important role played by the Cauchy transform in the study of removable sets, mainly because it is an easy way to construct functions analytic outside a given compact set.
In view of the above remarks, Painlevé's problem reduces to the case of dimension exactly equal to one. In dimension one though, the problem quickly appeared to be extremely difficult, and it took a very long time until progress was made. One of the major advances was the proof of the so-called Vitushkin's conjecture by David [6] in 1998. Theorem 6.1 (Vitushkin's conjecture). Let E be a compact set with finite onedimensional Hausdorff measure. Then E is removable if and only if E is purely unrectifiable, i.e. it intersects every rectifiable curve in a set of zero one-dimensional Hausdorff measure.
The forward implication was previously known as Denjoy's conjecture and in fact follows from the results of Calderón on the L 2 -boundedness of the Cauchy transform operator. We also mention that the converse implication is false without the assumption that E has finite length, see [14] In order to obtain a characterization of removable sets in the case of dimension one but infinite length, Tolsa [26] proved that analytic capacity is comparable to a quantity which is easier to comprehend as it is more suitable to real analysis tools. More precisely, define the capacity γ + of a compact set E by
where µ is a positive Radon measure supported on E. Clearly, we have γ + (E) ≤ γ(E). Note also that the supremum in the definition of γ + is always attained by some measure, by a standard weak * convergence argument.
Theorem 6.2 (Tolsa [26] ). There is a universal constant C such that
This remarkable result has several important consequences. For instance, it gives a complete solution to Painlevé's problem for arbitrary compact sets, involving the notion of curvature of a measure introduced by Melnikov [18] . We say that a positive Radon measure µ has linear growth if there exists a constant C such that µ(D(z, r)) ≤ Cr for all z ∈ C and all r > 0. The curvature c(µ) of µ is defined by
where R(x, y, z) is the radius of the circle passing through x, y, z.
Another importance consequence of Theorem 6.2 is the semi-additivity of analytic capacity, as mentioned in Section 4.
6.2. The Cauchy capacity. We can now define the Cauchy capacity. Given a compact set E ⊂ C, the Cauchy capacity of E, noted by γ c (E), is defined by
where µ is a complex Borel measure supported on E. In other words, the Cauchy capacity is defined in the same way as γ + , except that complex measures are allowed. Note that
for any compact set E, where C is the constant of Theorem 6.2. In particular, the capacities γ, γ + , γ c vanish simultaneously, which is already a deep result.
As far as we know, the following question was raised by Murai [19] . See also [15] , [16] and [25, Section 5] .
Problem 6.4. Is analytic capacity actually equal to the Cauchy capacity? In other words, is it true that
for all compact sets E ⊂ C?
In other words, Problem 6.4 asks whether the supremum in the definition of analytic capacity remains unchanged if we only consider bounded analytic functions which are Cauchy transforms of complex measures supported on the set. In particular, Equation (8) holds for E if every bounded analytic function on C \ E vanishing at ∞ is the Cauchy transform of a complex measure supported on E. This is the case if, for instance, E has finite one-dimensional Hausdorff measure, or, more generally, if it has finite Painlevé length, meaning that there is a number l such that every open set U containing E contains a cycle Γ surrounding E that consists of finitely many disjoint analytic Jordan curves and has length less than l. The fact that γ = γ c for such sets is easily derived from Cauchy's integral formula and a weak * convergence argument.
Proposition 6.5. If E has finite Painlevé length, then γ(E) = γ c (E).
See [30] for a generalization to compact sets of σ-finite Painlevé length, in a sense.
Note that every compact set in the plane can be obtained as a decreasing sequence of compact sets with finite Painlevé length. In particular, by outer regularity of analytic capacity, a positive answer to Problem 6.4 would follow if one could prove that the Cauchy capacity is also outer regular. Problem 6.6. Is it true that if E n ↓ E, then γ c (E n ) ↓ γ c (E)? 6.3. Is the Ahlfors function a Cauchy transform? In Proposition 6.5, not only the Ahlfors function but every bounded analytic function on C \ E vanishing at ∞ is the Cauchy transform of a complex measure supported on E. From the point of view of Problem 6.4, a more interesting question is whether the Ahlfors function can always be expressed as the Cauchy transform of a complex measure supported on the set. This was, however, answered in the negative by Samokhin.
Theorem 6.7 (Samokhin [22] ). There exists a connected compact set F with connected complement such that the Ahlfors function for F is not the Cauchy transform of any complex Borel measure supported on F .
In particular, this implies that γ + (F ) < γ(F ). Indeed, suppose that γ + (F ) = γ(F ), and let µ be a positive Borel measure supported on F with |Cµ| ≤ 1 on C \ F and µ(F ) = γ + (F ). Then g := C(−µ) is analytic on C \ F and satisfies |g| ≤ 1 on C \ F . But g ′ (∞) = µ(F ) = γ + (F ) = γ(F ), so that g is the Ahlfors function for F , by uniqueness, contradicting Theorem 6.7.
This argument relies on the fact that the supremum in the definition of γ + is always attained by some measure, which follows from a standard weak * convergence argument. It is not clear a priori whether this remains true for the Cauchy capacity γ c , since in this case one has to deal with complex measures.
In fact, in [30] , we constructed a compact set E for which there is no complex Borel measure µ supported on E such that |Cµ(z)| ≤ 1 (z ∈ C \ E) and µ(E) = γ c (E). This follows from the following result, by the same argument as above.
Theorem 6.8 (Younsi [30] ). There exists a connected compact set E with connected complement such that γ(E) = γ c (E), but the Ahlfors function for E is not the Cauchy transform of any complex Borel measure supported on E.
The construction is a bit simpler than the one in [22] , which makes it easier to show that the analytic capacity and the Cauchy capacity of the set are equal. The set E is the union of the nonrectifiable curve Γ := {x + ix sin (1/x) : x ∈ (0, 1/π]} and the line segment [−i, i]. The proof that the Ahlfors function f for E is not a Cauchy transform relies on the fact that since E is connected, the Ahlfors function is a conformal map of C \ E onto D (see Subsection 2.2). More precisely, if f = Cµ for some µ supported on E, then one can use Cauchy's formula to relate the measure µ on Γ \ {0} with the boundary values of f . Combining well-known results on boundary correspondence under conformal maps with the fact that the curve Γ has infinite length then makes it possible to show that the total variation of µ must be infinite, a contradiction.
As for the proof that γ(E) = γ c (E), it essentially follows from a convergence result for analytic capacity. For k ∈ N, let E k be the union of the segment [−i, i] and the portion of Γ with 1/(π + k) < x ≤ 1/π. Since every E k has finite length, we know that γ(E k ) = γ c (E k ) ≤ γ c (E) for all k, the last inequality because E k ⊂ E. It thus only remains to prove that γ(E k ) ↑ γ(E) as k → ∞. Using conformal invariance, this can be reduced to proving the following lemma.
Lemma 6.9. For k ∈ N, let F k be a union of two disjoint closed disks. Suppose that F k → F , where F is the union of two closed disks intersecting at exactly one point. Then γ(F k ) → γ(F ). Lemma 6.9 follows from conformal invariance and the observation that the conclusion holds if we replace disks by intervals contained in the same horizontal line, by Pommerenke's theorem (see Subsection 2.2). This completes the sketch of the proof of Theorem 6.8.
6.4.
Convergence results for analytic capacity. The proof of Theorem 6.8 shows how even simple questions related to convergence of analytic capacity can be difficult. For example, we do not know whether Lemma 6.9 remains true if the number of disks is bigger than two. Problem 6.10. Does the conclusion of Lemma 6.9 still hold if each F k is instead assumed to be a union of n disks, n ≥ 3, and one pair of disks intersect at one point in the limit?
It would be interesting to study this problem numerically using the method of Section 3 for the computation of analytic capacity.
Another open problem is the inner-regularity of analytic capacity.
Problem 6.11. Suppose that E n ↑ E, where E and the E n 's are compact. Does γ(E n ) ↑ γ(E)?
This should hold if analytic capacity is truly a capacity, in the sense of Choquet. It is rather unfortunate that this remains unknown! Finally, we end this section by mentioning that it would be interesting to develop a numerical method for the computation of the capacities γ + or γ c , similar to the one from [28] for analytic capacity. A first step would be to settle the following question which, as far as we know, is still unanswered. Problem 6.12. Is the capacity γ + always attained by a unique measure?
